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Ahhotali,H5I. We propose a regularization of the formal differential expression of order m > 3 

liy) ^ i^^^y^"^\t) + qit)yit), t e {a,b), 

applying quasi-derivatives. The distribution coefficient q is supposed to have an antiderivative 
Q € L{[a,b];C). For the symmetric case {Q — Q) self-adjoint and maximal dissipative 
extensions of the minimal operator and its generalized resolvents are described. The resolvent 
approximation with resrect to the norm of the considered operators is also investigated. 
The case m = 2 for Q G L2 ([a, 6]; C) was investigated earlier. 



1. Bbe^ehhe. 

PaccMOTpHM Ha KOHeHHOM HHxepBajie J := (a, b) (|)opMajit.Hoe flHcjDcjDepeHi^HajibHoe Bbipa- 
jKCHHe nopa^Ka m 

(1) Ky)=^'^y'^"'\t) + q{t)y{t), tej. 

EcjiH m = 2 H K03(|)4)Hn,HeHT q E L {J'; R), to ^HcJ)cJ)epeHii;HajibHoe ypaBHeHHe l{y) = f sbjis- 
excH KjiaccHHecKHM ypaBHeHHeM IIlTypMa-JlHyBHjijia h HsyneHo BecbMa nojiHo. CoBpeMeHHoe 

HSJIOJKeHHe 3TOH TeOpHH npHBeflCHO BO MHOrHX MOHOrpa(|)H5IX (cm. [T] H npHBe^eHHbie TaM CCBIJI- 

kh). KaK BbiHCHHjiocb Hocjic pa6oTt.i |2], MHorne nojioaceHna STofi TeopHH pacnpocTpanaioTCH 
Ha cymecTBeHHo Gojiee o6mHH cjiynail 

(2) q = Q', QeUiJ-X), 

r^e npoHSBo^Hasi noHHMaexcsi b cmbicjic o6o6in;eHHt.ix cJ)yHKn;HH. B nacTHocTH, sto othochtcs 
K (|)H3HHecKH coflepjKaxejiBHOMy cjiynaio, Kor^a q aBjiaexca Mepoii Pa^ona na JT" jth6o HMeex 
HeHHTerpHpyeMbie xoHenHbie ocoGchhocth. HoflpGnhie onepaxopti sa^ojiro ^o sxoro BosHHKajiH 
B paajiHHHBix sa^anax MaxeMaxHHecKoii 4)H3hkh h nccjieflOBajiHCb onenb MHorHMH aBxopaMH, 
rjiaBHbiM oGpasoM, npn noMomH cpefl^TB xeopHH onepaxopoB (cm. [3] h ccbijikh xaM). 

B CBasH c 3XHM npc^cxaBjiacx HHxepec aa^ana o peryjiapH3an;HH ^H(|)(|)epeHn;HajibHoro BBipa- 
jKCHHa ([T]) c CHHryjiapHbiM K034)(J)Hn;HeHXOM q ^ L {J'; C) iipn ripoHSBOJiBHOM SHaHeHHH m > 2. 
Ee pemeHHio nocpeflcxBOM cneii;Hajit.Ho no^o6paHHt.ix KBa3HnpoH3BOflHbix h nocBamena ^aHHaa 
paGoxa. HpH sxom ycjioBne (|2]) naM y;i,ajiocb ocjiaGnxb flp HHacecjie^yiomero: 

(3) q = Q', QeL{J;C)=:L,. 
Cjiynaii o6iri,ero Bt>ipa>KeHH5i nixypMa-JInyBHjijiH 

Ky) = ~{p{t)yy + q{t)y, tej 
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C CHHryjiapHMMH K03(|)4)HIJ,HeHTaMH 

q = Q', 1/p, Q/p, Q^p G Li 

c aHajiorHHHbix no3Hii;HH Hccjie;];oBaH aBTopaMH panee b pa6oTe |3]. 
Pa6oTa CTpyKTypHpoBana cjie;];yioiri;HM o6pa30M. 

B pa3;i,ejie 2 mbi bbo;i,hm peryji3pH3aij;Hio (|)opMajibHoro ;];HcJ)4)epeHLi,HajibHoro BbipajKeHHs 
([1]) B npe;];nojio>KeHHH ([3]) h onpeflejiaeM cooTBeTCTByiomHe MaKCHMajibHbitt h MHHHMajibHbifl 
onepaTopti b rnjibGepTOBOM npocTpancTBe L2 C) =: L2. 

B pa3;i,ejie 3 Hafl^^eHbi ;];ocTaTOHHL.ie ycjioBna paBHOMepnoii pe30jiL.BeHTHoii annpoKCHMan;HH 
pacmHpeHHH nocxpoeHHoro MHHHMajibHoro oriepaTopa L^[^ ceMeficTBOM onepaxopoB Toro >Ke 
Kjiacca. 

B pas^ejie 4 b npe^nojiojKeHHH cHMMexpHHHocTH MHHHMajitHoro onepaTopa onHCBiBaioTCJi 
Bce ero caMoconpajKeHHtie, MaKCHMajitHtie ^HccHnaxHBHbie h MaKCHMajibHbie aKKyMyjiHXHB- 
Hbie pacmHpeHHa b xepMHHax o^Hopo^Hbix rpaHHHHbix ycjioBHii KaHOHHHecKoro BH^a. 3th 
pacmnpeHHa napaMeTpH3yioTca cooTBexcTBeHHo yHHTapHtiMH oiiepaxopaMH h cjKaxHaMH b C™. 
TaKas napaMeTpH3ai];H5i aBjiaexcH GneKTHBHOH h HenpeptiBHofi. 

B pa3flejie 5 onncBiBaioTca Bce o6o6iri;eHHL.ie pe30jiBBeHTt.i MHHHMajibHoro onepaxopa bo Bcefi 

KOMnjieKCHOfi njlOCKOCTH. 



2. PEryjI5IPH3ALI,H5I CHHryjI5IPHOrO BbIPA>KEHH5I. 

PaccMoxpHM c|)opMajibHoe ;i,H(|)(|)epeHLi,HajibHoe BbipajKeHne ([I]) nopa^^Ka m > 3 npn ycjioBH- 

ax 

BBe^eM nocjieflOBaxejiBHo KBa3HnpoH3BOflHi>ie: 

DWy(t) :=yW(t), k = 0,m-2, 

DM2/(t) := (D['"-ily(t))'-r'"Q(t)DWy(t). 

B ycjioBHHx (|3]) OHH sBjiaioTCH KBa3HnpoH3Bo;];HbiMH no IIlHHy-SeTTjiy (cm. [7], Sec. 1). 
HosTOMy (|)opMajibHoe BbipaJKCHHe ([1]) mojkho KoppcKTHO onpe;];ejiHTb KaK KBa3H;],H4)(|)epeH- 
ii,Hajit>Hoe BbipajKeHHe IIInHa-SeTTjia 

l[y]:= rZ^tH. 

Onpe/],ejieHHe 1. Pemenue sadauu Komu Oasi pesoAbeenmHoso ypaeneHusi 
(4) i[y]^Xy = f eL2, iD^%)ic) = a,, k = 0,m-l, 



ede c G J' u ak & C, k = 0,771 — 1, OTipedeAfiemcfi nan nepean KOMnoHenma pemenusi sadauu 
Komu dAR coo77iee77ic77iey70iu,eu cuctticmu ducfjcfiepenyuaAbHux ypaeneHuu Tiepeoso 7iopfidKa 



(5) 



w'{t) = Axit)w{t) + ip{t), w{c) = (ao, «!, ...am-i) 
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Mampu%a- 



zde eeKmop-cjjyHK'nuH w{t) 

(f)yHKUUH 
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(6) 
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a 6eKmop-(f)yHKU,ufi ip{t) := (0, 0, 0, G L"^. 

JleMMa 1. Sadana Komu (jl]) npu ycAoeuu ([3]) uMeem pemenue na J . Oho eduHcmeemo. 

JJ^OKaaameA'bcmeo. 3a;i,aHa ([5]) npn A\{-) G L™^™ HMeeT h npHTOM e^HHCTBeHHoe pemeHHe 
npH KaJK^OM c G i7 H (ao,a2, •••am-i) £ b CHjiy xeopeMbi 1.2.1 MOHorpa(|)HH [T]. HosTOMy 
yTBep>K;i,eHHe jieMMbi cjiepyei: h3 onpe;];ejieHH3 1 h yKasaHHofi TeopeMbi. 

BBe^eHHoe KBa3H^H(|)(|)epeHn;HajibHoe BbipaaceHHe l[y\ nopojK^aex b rHjib6epTOBOM npo- 
CTpaHCTBe L2 (cm. [Hll^) MttKcuMaAhHuu KBa3H^H4)(j3epeHu,Haji£>Ht>iH onepaxop 

^max : y l[y], 

Dom(L^aJ = {y \D^% G AC(J, C),k = 0,m-l, Z^H^ ^ L2 } . 
MuHUMaAbHuu KBa3H^H(|)(|)epeHn;HajibHt.iH onepaTop onpe^^ejiaeTca Kax cyaceHHe onepaTopa 
-Z^max Ha jiHHefiHoe MHoroo6pa3He Dom(Linin) : = 

:= {y G Dom(L^ax) \D^%{a) = D^%{b) = 0, k = 0,m-l} . 
JleMMa 2. E'cyiti e paeencmeax u saMeHumh euBpauHym nepeooBpasnym Q npous- 

eOAhHOU ^ 

Q:=Q + c, cGC, 

mo onepamopu L 



max; -^mm 



He u3MeHHmcH. 



JJ^OKasame/i'bcmeo. HoKajKeM, hto onepaxop Lmax = = -^max(Q), coBna^aeT c onepaTopoM 

-^max = -^max(<5)- 06o3HaHHM Hepe3 D'^^?/, Z^'^l?/, . . . , D'™'?/ KBa3HnpOH3BO^HL.ie , COOTBCTCTByiO- 

mne OTjiHHHoil ot Q nepBoo6pa3HOH Q. 

HycTb y G Dom(Ljnax)- HpHMbiM no^^cnexoM naxo^^HM, hto 

&S = D'^%eAC(j,C), 



= + i-'^cD^S G AC{J, C), 



3to 03HaHaeT, hto 



Dom(Lmax) C Dom(Lmax) = 

= jl/ \D^'^y G AC(J, C),k = 0,m-l, 5^^/ e L2 } . 

AnajiorKHHO noKa3L.iBaeTca, hto Dom(Lniax) ^ Doni(Lmax)- 
HaKoneu;, 

£max2/ = ^"5H^ = = ^^^^^^ y g Dom(L„aJ. 
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HoKaJKeM Tenept., hto Lmm = -f'mm- 
riycTb y G Dom(Lmin)- Tor;i;a 

D^Sia) = D^Sia) = 0, 

D^%{b) = D^%{b) = 0, 

5[™-2]^(a) = 2]y(a) = 0, 
D^'"^-%{b) = D^'^-^^yih) = 0, 

5['"-ily(a) = Dl™-i]?/(a) + z-"^c5M?/(a) =0 + = 0, 

D^'^Sib) = D^'^-^^y{b) + r'^c5[°V(&) = + = 0. 

3to osHanaex, hto Dom(Lniin) C Dom(Ljnin)- AnajiornHHO ycTaHaBjiHBaexca, hto 
Dom(Lmin) D Dom(Lmm)^ 

rioCKOJIbKy Lmin?/ = ^maxZ/ = -^^max?/ = -^^min?/ Ha (|)yHK^H3X ?/ € Dom(Lmin), TO JICMMa 

flOKasana. 

PaccMoxpHM Hapa^y c ([T]) cjiopMajibHo conpajKCHHoe flHcJ)4)epeHn;HajibHoe BL.ipa>KeHHe 

t{y) = i^y'^^\t) + q{t)y{t), 

Tj\e Hepxa oGosHanaex KOMnjieKCHoe conpajKeHHe. 06o3HaHHM nepes -Z^^ax ^ -^inin nopo>K;i,ae- 
Mbie HM MaKCHMajit.Ht.iH H MHHHMajibHbiH oHcpaTopt.! B HpocTpaHCTBc L2. Tor^a H3 pesyjiBTaxoB 
MOHorpa(|)HH [7] o6tti;Hx KBa3H;];H4)4)epeHH,HajibHbix BbipajKenHfi IIInHa-SeTTjia h npHBe- 
^CHHoro HaMH Bbinie cjie^yex 

TeopeMa 1. Onepamopu L^^i^, L^^^, Lmax, -^iax ^eA^itomc^i nAomno sadauHUMu u saMKuy- 
muMU 6 npocmpaHcmee L2, 



T* = T* = /' + 

min max' max min' 

EcAU (^yuKyufi q 6em,ecm6eHH03HaHHa, mo onepamop Lmin = -^^in ■fieAsiemcsi cuMMempunecKUM 
c undeKCOM decpeKma (m, m) u 

T* — T T* — T ■ 

-^min ~ -^max) -^max ~ -^mm- 
3. AnnP0KCHMALI,H5I PESOJIbBEHTbl. 

PaccMoxpHM ceMeiicTBo KBa3H^H(|)(|)epeHn;HajibHt.ix Bt.ipa>KeHHH Bw^j\a. ([T]) /^[j/] c K03(|)(|)Hn;H- 
eHTaMH = Q'^ G Li, e G [0,£:o]- CooTBeTCTByiotu;He hm KBa3HnpoH3BOflHt.ie Gy^eM o6o3HaHaTt. 
Hepe3 Df^y, D^e^y, D^r^y. 

B THjitGepTOBOM npocTpancTBe L2 c HopMoil || ■ II2 Taxne Bt.ipa>KeHHa npn Kaac^oM e nopojK- 
flaioT onepaTopt.1 L^^^, i^max- nycxt MaTpHn;t.i a{e),f3{e) G C™^*", a BeKTopt.1 

y,{b) := {Dfy{b), D^Mb), • • • , D^rMb)} e C^. 
Sa^a^HM KajK^oro cJ^HKcnpoBaHHoro 3HaHeHH5i e onepaxopt.! 

LeV = le[y], 

Dom(L,) = G Dom (L^^Jl a{e)y,{a) + /3(£)3^e(&) = 0} . 

Ohcbh^^ho, hto 
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By^neM o6o3HaHaTb nepes p{L) pesojibBeHXHoe MHoxcecTBo onepaxopa L. HanoMHHM, hto 
onepaTopt.1 cxo;i,jiTca npn e — )■ 0+ k onepaTopy Lq b CMbicjie paBHOMepHofi pesojibBeHTHofi 

cxo^HMOCTH, Lg — )■ Lq, ccjih cymecTByeT /i G C xaKoe, hto /x G p{Lo), p G p(Iv£) ;],ji5i ;];ocTaTOHHO 
Majibix e H 

||(L,-/i)-i-(Lo-/i)-i ^0, £^0 + . 
3to onpe^ejieHHe ne saBHCHx ox BBi6opa /i G p{Lo) [8]. 

BBe;];eM oGosHaneHHe c^(t) := / c{s)ds. 

a 

OcHOBHbiM peayjiBTaxoM axoro paa^ejia HBjiaexcH 

TeopeMa 2. Uycmb p{Lo) Henycmo u npu e — 0+ eunoAHSimmcsi ycAoeufi: 

1) IKQ.-Qorilc^O; 

2) — ^a(O), (3{e) — ^/3(0). 
Tozda Ls Lq. 

SaMSHaHue 1. YcjioBHe HQ^ — Qolli — > 0, e — )■ 0+, oneBH^Ho, ^ocxaxoHHo ^jia BBinojineHHa 

yCJIOBHH 1). 

^OKasaxejiBcxBo xeopeMti 2 ocHOBbiBaexcH na o^hom BcnoMoraxejibHOM pesyjibxaxe. 
Cjiejiya pa6oxaM |9l [10] , BBef\eM 

Onpe^ejieHHe 2. 06o3HaHUM uepes M.'^{J) =: A^", n G N KAacc ecex napaMempusoean- 
Hux HUCAOM 6 Mampuv^- (pyHKU,UU 

i^(■;e):[0,£o]->^r^ 
Bah Komopux peiuenue aadauu Komu 

Z\t; e) = R{t- e)Z{t; e), Z{a; e) = 4 

ydoeAemeopHem npedeAhuoMy coomHomeHum 

lim \\Z{-]e) - In\\c = 0, 

e— !>0+ 

ede II ■ lie - snp-HopMa. 

B pa6oxe [10] ycxaHOBjiena cjie;];yioiri;aa o6iri;aa xeopeMa. 
TeopeMa 3. Uycmb Oasi npaeeou sadanu 

(7) y'{t;e) = A{t;e)y{t-e) + f{t;e), tej, £G[0,£o] 

(8) Uey{-,e) = 0, 

dde Mampuyu-cfjyHKyuu A{-,e) G L"^", eeKmop-cfjyHKyuu f{-,e) G L", a AuneuHue nenpepue- 
Hue onepamopu 

U, : C(7; C") -> C", n G N, 

eunoAHCHU ycAoeusi: 

1) odHopodnasi npedcAhuafi npaeeafi sadaua (j7]), (j8|) c e = w 
/(■; 0) = UMeem moAbKO mpueuaAhHoe petuenue; 

2) A(-;£)-A(-;0)gA1"; 

3) ||t/e - f/o|| ^ 0, £^0 + . 

Toeda Oasi docmamoHHO muaux e cymecmeymm Mampuvfii Fpuna G{t, s; e) sadan ([7]), dHj) w wa 
Keadpame J ^ J 

(9) ||G(-,-;£)-G(-,-;0)|U^O, e ^ 0+, 
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^de II ■ I loo - Hopjua 6 npocmpaHcmee L^o- 

SaMBHaHue 2. YcjioBHe 3) xeopeMM 3 nejibsa saMCHHTb Gojiee cjiaGbiM ycjioBHCM chjibhoh 
cxoflHMocTH onepaTopoB Ue^Uo^O\. OflHaKO, KaK HeTpyflHo y6eflHTt>c3, ^jia ^ByxxoHeHHbix 
KpaeBbix onepaxopoB 

U,y■.= B^{e)yia) + B2is)yib), ^^(e) G C"><", A;g{1,2}, 

KaK ycjioBHe chjibhoh, xaK h ycjioBHe paBHOMepnoii cxo^hmocth paBHOCHjibHbi xoMy, hto 

\\Bkie) - B^mi ^ 0, E^0+, fee {1,2}. 

HpHBefleHHoe onpe;];ejieHHe Kjiacca Ai"' ne aBjiaexca KOHcxpyKTHBHbiM. HMeroxcH pasjiHHHbie 
flocxaxoHHbie ycjioBHa npHHa^jiejKHocxH MaxpHHHofi (|)yHKi];HH R{-',£) Kjiaccy Ai^. B nacxHo- 
cxH, H3 pesyjibxaxoB pa6oxt.i A. K). JleBHHa [11] cjieflyeT 

JleMMa 3. nycmb R{-]e) : [0,eo] — )■ L"^". Ecau npu e — )■ 0+ eunoAHeno odno us nemupex 
(He3K6U6aAeHmHux jueotcdy coBou) ycAoeuu: 

(a) ||i?(-;5)||i = 0(l), 

\\R'^{-,e)R{-,e)h^O, 
(7) ||/2(-;e)i?"(-;e)||i^0, 
(A) \\R''{-,e)R{-,e)-R{-,e)R''{-,e)h-^0, 

mo ycAoeue WR"^ e)\\c — )■ 0, e — )• 0+ paenocuAbHO eKAWHeHuw R{-;e) G Ai"-. 
Cjie^yiomee yxBepjK^eHHe nosBOjiHX naM pe^yn;HpoBaxB xeopeMy 2 k xeopeMe 3. 
JleMMa 4. (pynnyufi y{t) fieAfiemcfi pemenueM npaeeou sadauu 



(10) 



le[y]{t) = f{t-e)eL2, £G[0,£o], 



(11) a{e)y,{a) + P{e)y,{h) = Q 
mosda u moAbKO mosda, Koeda eenmop-^yHKyuR 

wit) = {Dfy{t),Dfy{t),...,Df^-Mt)) 
fiBAfiemcH pemenueM npaeeou aadauu 

(12) w'(t) = A(t-e)w{t) + i^(t-e), 

(13) a{e)w{a) + P{e)w{h) 
ede Keadpamnafi Mampuya-cfjyHKyusi 

/ 



(14) 
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G LT 



= (0,0,...,0,r-/(-;£))GL-. 
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JHoKaaameA'bcmeo. PaccMoxpHM cncxeMy ypaBHeHHii 
' {Dfy{t))' = D^Mt) 

EcjiH y{-) - pemeHHe ypaBHeHHa ( ITOl) . to h3 onpe^ejieHHH KBasHnpoHSBOflHbix cjie- 
flyex, HTo ?/(■) ecTb pemeHHe 3toh cHcxeMbi. C ^pyroii cxopoHBi, hojiojkhb w{t) = 
{Df^y{t), D^e^y{t), o'T'^^yit)) h ip{t; e) = = (0, 0, 0, e)), ^aHHyio cncxeMy mojkho 

sanHcaxb b BH;i,e ypaBHenna (fT2l) . 

yHHXbiBaa, Hxo 3^e(a) = w{a), 3^£(&) = JierKO BH^exb, hto KpaeBbie ycjioBHa f llip 

3KBHBajieHXHt.i KpaeBBiM ycjioBH3M (I13p . 

B CHjiy jieMMbi 4 hs npe^nojioaceHHii 

{£) OdHopoduafi npaeeafi sadaua 

d^'^yit) = 0, a(Q)yo{a) + /3(0)3^o(&) = 
UMeem moAtKO mpueuaAtHoe peiuenue 
cjie^yex, hxo o^Hopo^Haa KpaeBaa sa^^ana 

w'{t) = A{t; e)w{t), a{e)w{a) + l3{e)w{b) = 

xaKJKe HMeex xojibko xpHBHajibHoe pemeHHe. 

JleMMa 5. Uycmt, dAH sadanu (fT2|) . f|T3|) npu docmamoHHO mqaux e cym,ecmeyem Mampu%a 
Fpuna 

G{t,s,e) = {g.,{t,s))^^^,eLZ''"' 
Tozda cyiu^ecmeyem, (f)yHKUufi Fpuna T{t,s\£) noAyodHopodnou npaeeou sadauu ffTOj) . f fTT]) u 

r(t, s; e) = i~'^gim{t, s; e) n. e. 

/l^oKasameA'bcmeo. Corjiacno OHpe^ejieHHio MaxpHH,bi FpHna, e^HHcxBenHoe pemenne sa- 
flaHH (fT2|) . f fT3|) sanHCbmaexcH b BH^e 

6 

We{t) = j G{t,s]e)ip{s]e)ds, tej. 

a 

B cHJiy jieMMbi 4 nocjie^^nee paBencxBo mojkho nepenncaxb b bh^c 

Dfy,{t) = fg,Ut,s-e)i-"'f{s;e)ds 

a 



DT yeif) = J gmm{t,s;e)i "'f{s;e)ds, 
r^e ?/£(•) - eflHHcxBeHHoe pemenne aaflann (fTOj) . (fTT]) . Oxcro^a cjie^yex yxBepacflenHe jieMMBi 5. 
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^OKasaTejibCTBO TeopeMM 2. B CHjiy ycjioBna 1) TeopeMbi 2 mojkho, He yMenbinaH 06111;- 
HOCTH, CHHTaxb, HTO G p{Lq) . 

HoKajKeM, HTo sup \\L~^ f — L^^ f\\ — 0, £ — 0+. 

Il/I|2 = l 

YpaBHeHHe f = sKBHBajieHXHo xoMy, hto Lg^Uf, = /, t. e. t/^ sBjiaexca pemeHHeM sa^aHH 
( JTOj) . (fTT]) . HpH 3TOM H3 BKjiioHeHHa G p{Lq) cjie^yex, hto BbinojiHaexca npe^nojioJKeHne [E). 
06o3Ha™ r(-; e) := r'^g(-; - i-"g(-; 0). Tor^a 



/l(-;e)-A(-;0) 
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{A{.-e)-A{-M 



r^e MaTpHii;a-(|)yHKn;Ha A{-]e) aa^ana cJaopMyjioii (fT^ . 
JlerKO BH^exB, hto 

(A(-;e)-A(-;0))(A(.;.)-A(.;0)r = 

= {A{.-e)-A{.-Q)Y{A{.-e)-A{.-Q))- 

HosTOMy MaxpHHHaa (|)yHKi];H5i A{-] e) — A{-\ 0) npn m > 3 y^oBjiexBopaex ycjioBHio (A) jicmml.! 
3. 

OHeBHflHo, Hxo ycjioBHe II {A{-]e) — A{-]Q)Y ||(7 — )• 0, e — ?■ 0+ sKBHBajienxHo ycjioBHio 1) 
xeopeMbi 2. HosxoMy hs jicmml.! 3 Bbixexaex, hxo BBinojineHbi ycjioBHa xeopeMbi 3 j\Ji5i 3a,f\&^n 

3xo snaHHx, hxo cymecxByiox MaxpHn;t.i FpHna G{t,s\e) sa^^an f lT2|) . f lT3|) . h BbinojiHaexcH 
npeflejiBHoe cooxHomeHHe (|9]). ynnxbiBaa jieMMy 5, 3xo Bjienex npe;];ejit.Hoe paBencxBo 

||r(-,-;£)-r(-,-;0)|U^O, £->0 + . 

Tor;];a 

-1 



sup II /;[r(t, s- e) - V{t, s; 0)]f{s)ds\\2 < 

ll/l|2=l 

<(6-a)i/2 sup ||/;|r(t,s;£)-r(t,.;0)||/(s)|rfs||c< 

ll/l|2 = l 

< (6-a)||r(-,-;£)-r(-,-;0)||oo^0, e^0+, 
HTO Bjienex yxBepac^euHe xeopeMti 2. 



4. PACmUPEHHH CHMMETPHHECKOrO MHHHMAJIbHOrO OnEPATOPA. 

Bciofly ^ajiee 6yfleM npe^nojiaraxb, hto (|)yHKn;HH g h, cjie^oBaxejibHo, Q BemecxBeHHoanaH- 
HL.I. 3xo ycjioBue Bjienex (JjopMajibnyio caMoconpHJKeHHocxb BtipajKeHHa /[y] (cm. [7]) h, corjiac- 
Ho xeopeMe 1, cHMMexpuHHocxb onepaxopa L^i^. HoaxoMy co/i;ep>KaxejieH Bonpoc o6 onHcauHH 
(npH noMomu o^Hopo^Hbix KpaeBbix ycjiOBHii) ueKoxopbix KjiaccoB (caMoconpajKeHHtix, MaK- 

CHMajIBHBIX ^HCCHnaXHBHBIX, MaKCHMajIBHBIX aKKyMyjI3XHBHL.Ix) paciuHpeHHH B rHJIt>6epXOBOM 
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npocTpancTBe L2 CHMMexpHHecKoro onepaxopa Lmin- JX^^ oxBexa na Hero ml.i 6Yp^eM Hcnojib- 
soBaxb noHHXHe npocxpancxBa rpaHHHHbix SHaneHKH. 

Onpe^ejieHHe 3. Ilycmb L - saMKHymuu cuMMempuHecKuu onepamop e 2UAb6epmo60M 
npocmpaHcmee "H c paenuMU (kohchhumu uau BecKOHCHHUMu) decfjeKmnuMU HUCAaMU. Tpou- 
Ka (if, ri,r2), ede H - ecnoMosameAbHoe zuAbBepmoeo npocmpaHcmeo, a Ti, r2 - AuneuHue 
omo6pacHceHUH Dom(L*) e H, Hasueaemcsi npocmpaHcmeoM spanuHHUx SHaueHuu (coKpaiu^eH- 
Ho nr3) cuMMempuHecKoso onepamopa L, ecAu: 

1) Oa^i ah)6ux f,g& Dom (L*) 

2) Oa^i ah)6ux eenmopoe /i,/2 G H cym,ecm6yem eenmop /GDom(L*) maKou, nmo 

ri/ = /i, T^f = u 

Hs onpe^ejieHHSi IirS cjie^yex, hxo / G Dom (L) xor^a h xojibko xor^a, Kor^a Tif = = 
0. nr3 cymecxByex j^jis jiio6oro cHMMexpHnecKoro onepaxopa c paBHtiMH HenyjieBbiMH ^e- 
(|)eKXHt.iMH HHCJiaMH (cM. [12] H npHBe^eHHBie xaM ccbijikh). Oho Bcer^a He e^HHCXBeHHO. 

Cjie;],yiom;HH pesyjibxax HBjiaexca KjiioHeBbiM ^jia ^^ajiBHeflmero. 

OcHOBHaa jieMMa. Ilycmb ri,r2 - AuneuHue omo6pacHceHUH U3 Dom(Lmax) e C™ maKue, 
Huio: 

npu m = 2n, n > 2, 



„-2n 



\ 



-l)"DM?/(a) 



r2i/ := 



. . . , 



a npu m = 2n + 1, n G N, 



(-l)"D["+^l|/(a), 
\ aD^'^^yih) + /3L'Wy(a) / 



Dm 



y{a) 



. . . , 



\ 



2cJe HUCAa a = 1, /3 = 1, 7 



(-1)- 



(-1)"+! 



+ 2. 



Toeda mpouna 



y^,Ti,T2j HeAHemcH npocmpaHcmeoM zpanuuHux SHaneHuu onepamopa 
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SaMeuauue 3. npHBe;];eHHL.ie sHaneHHa K034)(|)Hi];HeHTOB mojkho saMCHHTb npoHSBOjibHbiMH 
Ha6opaMH HHceji, KOToptie y^oBjiexBopaioT cncxeMe: 

07 + 07 = (—1)", 

(15) <J a6 + f3-f = 0, 

/3^ + a6 = 0, 
a5 - /37 ^ 0. 

06o3HaHHM Hepea cyjKeHne onepaxopa Lmax Ha MHOJKecTBo 4)yHKn;HH y{t) G Dom(Ljnax); 
y^oBjieTBopaiomHX o^Hopo^HOMy KpaeBOMy ycjioBHio KaHOHHHecKoro BH^a 

(16) {K-I)r,y + t{K + I)r2y = 0, 

r^e K - orpaHHHeHHBiH onepaxop b rHjibGepxoBOM npocxpancxBe C™". 

AnajiornHHO o6o3HaHHM nepes cyaceHHe onepaxopa Lmax Ha MHOJKecxBO (|)yHKi];HH 
y{t) G Dom(Lmax), yflOBjiexBopaiomnx opflopoflfioMj KpaeBOMy ycjioBHio KaHOHHHecKoro BH^a 

(17) {K-I)T,y-z{K + I)T2y = 0, 

rjie K - orpaHHHeHHbiii onepaxop b rnjibGepxoBOM npocxpancxBe C™. 

B coHexannn c pesyjibxaxaMH [12] OcnoBnaa jieMMa Bjieiex cjie^yiomee onncanne caMoco- 
npajKennbix pacmnpenHH L^i^: 

TeopeMa 4. KaMcdoe L^, zde K - yHumapHUU onepamop e npocmpaHcmee C™, fieAfiemcH 
caMoconpfiMceHHUM pacmupenueM onepamopa L^i^. 06pamH0, Bah Kaotcdozo caMoconpsicHceH- 
HOdo pacmuptHUH L onepamopa Lmin naudemcsi yHumapHuu onepamop K manou, umo L = L^- 
Coomeemcmeue Meotcdy ynumapnuMU onepamopaMU {K} u pacmupeHUHMU {L} BuenmueHO. 

SaMCHaHue 4- Hs xeopeMbi 2 n xeopeMbi 4 Bbixexaex, hxo oxoGpaacenne K — Lk HBjiHexcH 
ne xojiBKO GneKXHBHBiM, no n nenpepbiBntiM. Bojiee xonno, ecjin ynHxapntie onepaxopbi Kn 
cxo;];hxcji no nopMe k onepaxopy K, xo 

\\{Lk - - {Lk„ - Xy^W ^0, n^oc, ImA ^ 0. 

Hpn 9XOM, nocKOJiBKy mho^kccxbo ynnxapHbix onepaxopoB b KOHeiHOMepnoM npocxpancxBe 
C™ KOMnaKxno b MexpnKe nopMbi onepaxopa, xo Bepno n o6paxnoe yxBepjK^^enne, xo ecxt> 
oxoGpaacenne 

K -^{Lk- \y^ , ImA ^ 

3BJI5ieXC5I npn KaJK^OM (|)HKCHpOBaHHOM A G C \ M rOMeOMOp4)H3MOM. 

HanoMnHM nsBecxnoe onpe^ejienne. 

Onpe/i,ejieHHe 4. UAomno aadauHuu AuneuHuu onepamop L e KOMnAencnoM suAbBepmoeoM 
npocmpancmee H nasueamm duccunamuenuM (annyMyAfimueHUM) , ecAU 

Im(L/,/)^>0 (<0), /GDom(L) 

u MaKCUMaAhHUM duccunamuBHUM (MancuMaAhHUM aKKyMyAHmuenuM) , ecAU, npoMe mo- 
20, y onepamopa L nem uempueuaAbHux duccunamuenux (aKKyMyAHmuenux) pacmupenuu e 
npocmpancmee %. 

B nacxnocxH, KaJK^bin CHMMexpnnecKHH onepaxop - ^HCCHnaxHBnL.iH n aKKyMyjiHXHBntin, 
a caMoconpajKennbiii - MaKCHMajibnbin ^nccnnaxMBntiii n MaKCHMajibnbin aKKyMyjiaxHBnBin 
o^noBpeMenno. HoaxoMy fljia CHMMexpnnecKoro KBa3H^H(|)(|)epenn;HajiBnoro onepaxopa L^\^ 
MOJKno nocxaBHXB Bonpoc 06 onncannn Bcex ero MaKCHMajitntix flHCCHnaxHBnL.ix n MaKcn- 
Majibnbix aKKyMyjiaxHBnbix pacmnpennn. Corjiacno xeopene P. Onjijinnca [T2| [T3] naoicdoe 
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duccunamuenoe u Kaotcdoe aKKyMyAsimueHoe paciuupenue cuMMempuHecKoeo onepamopa fie- 
AfiemcH cyofcenueM eso conpsiofceHHoeo. HosTOMy jiio6oe MaKCHMajibHoe ;i,HCCHnaTHBHoe hjih 
MaKCHMajibHoe aKKyMyjiHTHBHoe pacmnpeHHe onepaxopa L^^i^ aBjiaexca cyxceHHeM onepaxopa 

HapaMeTpHHecKoe onncaHHe Bcex MaKCHMajibHbix ;];HCCHnaTHBHL.ix pacinHpeHHfi CHMMexpH- 
HecKoro KBa3H^H4)4)epeHn;HajibHoro onepaxopa Lmin ^aex 

TeopeMa 5. Kaotcdoe Lk, zde K - CMcamue e npocmpaHcmee C™, sieAsiemcsi MancuMaAtHO 
duccunamuenuM paciuupenueM onepamopa L^[^. 06pamH0, Bar KacHcdoso MaKCUMaAbuoso 
duccunamu6H02o pacmupeHUR L onepamopa Lmin naudemcH cotcamue K manoe, umo L = Lk- 
Coomeemcmeue jueotcdy cotcamuRMU {K} u pacmupeHURMU {L} BuenmueHO. 

HapaMexpHHecKoe onncaHHe Bcex MaKCHMajibHbix aKKyMyjiaxHBHbix pacniHpeHHH chmmcx- 
pHiecKoro KBa3H;];H(|)(|)epeHii;Hajit.Horo onepaxopa Lmin jxa.eT 

TeopeMa 6. Kaotcdoe , sde K - ccncamue e npocmpancmee C™, neAfiemcfi MancuMaAbHO 
aKKyMyARmuenuM pacmupenueM onepamopa Lmin- OBpamno, dAR Kaotcdoeo MancuMaAh- 
H020 aKKyMyAHmuenozo pacmupeHUR L onepamopa Lmin naudemcH cotcamue K manoe, umo 
L = . Coomeemcmeue Meotcdy cotcamufiMU {K} u pacmupenufiMU {L} BuenmueHO. 

SaMenaHue 5. OxoGpajKenna 

K -^{Lk- , ImX < 

K ^ {L^ - Xy\ ImX > 

3BJI5IIOXC5I npn KaJK^OM (|)HKCHpoBannoM A roMeoMop(|)H3MaMH (cm. saMenanne 4). 

riepen^eM k ^oKaaaxejibcxBaM ccJiopMyjinpoBannbix pesyjitxaxoB. 7I,oKa3axejibcxBy OcnoB- 
noH jieMMbi npe;];nomjieM ^Be jieMMbi, aBjiaron^HecH nacxHL.iMH cjiynaHMH cooxBexcxByion^nx 
yxBep>K;i,enHH ^jih o6n];HX KBa3H;i,H(|)(|)epenn;Hajibnt.ix BbipaJKennii (cm. [7]). 

JleMMa 6. Uycmb y, z ^ Dom(Lmax)- Tosda 

b 

P m 

/ (dH^ -z-y DHl) dx = ^(-l)^-^Z)["^-'=li/ ■ |^z^ 
a k=i 

JleMMa 7. /(yi^ npouseoAhuux uaBopoe KOMnAencnux uuceA {ao, en, am-ijj 
{/3o, /9m-i} cymecmeyem (pyHKu^uH y G Dom(Lmax) manasi, umo 

D^'^yia) = D^'^y{b) = Pk, k = 0, 1, m - 1. 

/I^OKaaameA'bcmeo OcHoeuou asmmu. /Jocxaxonno noxasaxt, nxo xponxa (C™,ri,r2) 
y^oBjiexBopaex ycjioBHSM 1) n 2) onpeflcjienna IirS c = L2. Corjiacno xeopeMe 1, ij^in — 
-Z^max- Corjiacno jieMMe 6 



^max- 

m 



(L^^^^y, z) - (y, L^ax^) = Y,{-lf-^D^---^^y ■ Di^-^h 

k=l 

OflHaKO jiexKO no^^cnnxaxb, nxo b cjiynae m = 2n 



x=b 
x=a 



I x=b 
x=a ' 



k=l 

H 



2n 

I x=b 



x=a 



k=n+l 
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3to noKasMBaex, hto BbinojinjieTCH ycjioBne 1). BbinojineHHe ycjioBHH 2) cjieflyeT nenocpeji- 

CTBeHHO H3 JieMMbl 7. 

B cjiynae m = 2n + 1 BBe^eM oGosHaHeHHH : 

Ti =: {Tia, Tib, Tlab) 5 
r2 =: (T2a, T2b, T2ab) , 

r^e 

Ti, = {-D^'%{a), (-1)"D["+S(a)) , 
ria6 = ^'"+' (aD["V(6) + /3Z}["V(a)), 

T2ab = lD^%ib) + 5D^%{a). 



Tor^a jierKO npoBepHXb, 

n 


HTO 








(ri.i/,r2.^)=^2"+i^(- 








-%(a), 


fc=i 

2n+l 










(r2a?/,ri,;^)=^2-+i ^ 

fc=n+2 


(_l)fc/)[2n- 


-Ma) 








l)'=-l_D[2n- 








fc=i 

2n.+ l 










A;=n+2 


(_l)fe/}[2n- 









Ha npHBe^eHHBix cooTHomeHHii cjie^yex, hto BbinojiHaexca ycjioBHe 1) onpe;];ejieHHa 3. Bbi- 
nojiHeHHe ycjioBHH 2) cjie^yex hs jieMMbi 7 h nocjie^nero h3 cooxHomeHHii ( ITSl) . 

JJ^OKaaameA'bcmeo meopeM 4> 5 u 6. YxBepac^^eHHa xeopeM cjieflyioT hs Ochobhoh jicm- 
ML.I H xeopeMBi 1.6 rji. 3 MOHorpa(J)HH [12] fljia IirS a6cxpaKXHoro cHMMexpHHecKoro onepaxopa. 

5. OBOBm,EHHbIE PESOJIBBEHTBI. 

HanoMHHM H3BecxHoe 

Onpe/],ejieHHe 5. 06o6m,eHHOu pesoAbeenmou saMKnymoso cuMMempuHecKoso onepamopa 
L Hasueamm onepamopHym (^ynKv^um R\ KOMnAencHoso napaMempa A G C\M, donycKamm,ym 
npedcmaeACHue euda 

Rj = p+ {L+ - xi+y' f, fen, 

sde - KaKoe-Au6o caMoconpfiMceHHoe pacmupenue onepamopa L c euxodoM, eooSui^e zoeopfi, 
6 6oAee mupoKoe, hcm Ti, npocmpaHcmeo "H^, J+ - eduHUUHUu onepamop e "H"*", P+ - onepamop 
opmoeoHaAbHozo npoeKmupoeanusi Ti^ na %. 
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OnepaTopnaa (|)yHKn;HH Rx (ImA 7^ 0) SBjiaeTca o6o6iii;eHHofi pesojibBeHTofi CHMMexpHHe- 
CKoro onepaxopa L Tor^a h tojibko xor^a, Korjia 

{Rxf,9)H= ' f^9^^, 

J -00 H — A 

Tj\e - o6o6in;eHHa5i cnexTpajibHaa (|)yHKii;Hii onepaTopa L. 3to osHanaeT, hto onepaTopnaa 
(|)yHKii,H5i F^, /i G M, o6jia^aeT cjieflyiomHMH cBottcTBaMH |14] : 

1°. HpH ^2 > fJ'i pasHocTb — jiBjiHexcH orpaHHHeHHbiM HeoTpHii;aTejii>Hi>iM onepaxo- 
poM; 

2*^. = Ffj^ npH Bcex BemecTBeHHbix /z; 
3°. HpH JI1060M X eH 

lim ||F^x||-H = 0, lim | — a;| |-h = 0. 
Cjie;];yioiii;Hfi pesyjibTax npHHa;];jie>KHT B. M. Bpyxy |15| . 

HycTb H — BcnoMoraxejiBHoe cenapaGejibHoe rHjib6epTOBO npocTpancTBO. Chmbojiom 
{X, X'} Gyfl^eM oGosHaiaTB ynopa^oneHHyio napy h3 X, X' G H. Hapbi {X, X'} paccMax- 
pHBaioTca KaK sjieMeHTbi npocTpancTBa H (B H. HpeflnojiojKHM, hto cymecxByex jiKHefiHtili 
onepaxop 7, OTo6pa>Kaioiri;Hii o6jiacTB onpe^ejieHHH Dom(L*) conpajKCHHoro k L onepaxopa 
L* Ha if © H, TaKoii, hto HMeex Mecxo paBencxBO 

{L*x, y) - (x, L*y) = (X', Y)h - (X, F' 

r^e X, y G Dom(L), {X, X'} = 7a;, {F, Y'} = ^y. 

TeopeMa 7. [15] Cyinecmeyem esauMHO odnosHaHHoe coomeemcmeue Mecucdy o6o6m,eHHUMU 
peaoAheewmaMU onepamopa Lu npaeeuMu sadanaMu 

L*y = Xy + h, 

{K{X) -I)Y'^t {K{X) + /) r = 

ede {Y, Y'} = 7?/, h E T-L, X — KOMUAeKCHoe hucao u snan „ + " e npaeoeoM ycAoeuu 6epemcH 
Bar SHaueHuu X us eepxHeu noAyuAOCKOcmu, a „ — " Bar X us HuotcHeu noAyuAOCKOcmu. K{X) 
— sadamaH pedyAHpnafi e eepxHeu noAynAOCKOcmu onepamopnasi (pynnyufi e H , maKasi, nmo 
||-^(-^)||_ff ^ 1/ dA^ SHaueHuu X us huchchcu noAynAOCKOcmu K{X) onpedeAfiemcfi nan K*{X). 

KacHcdoe peiuenue sadauu onpedeAsiem o6o6uji,eHHym pesoAbeenmy onepamopa L u oBpamno, 
Kaotcdafi o6oui,eHHa^i pesoAbeenma onepamopa L onpedeAHemcR pemenueM dauHou sadauu. 

3xa xeopeMa flaex bosmojkhocxb onncaxt Bce o6o6in;eHHbie peaojibBenxbi cHMMexpHHecKoro 
onepaxopa Lmin Bne BemecxBennon ocn. 

napaMexpnnecKoe enympeuHee onncanne Bcex o6o6n];ennL.ix pesojibBenx onepaxopa Lmin Aa- 

ex 

TeopeMa 8. 1) Kamcdan o6o6uj,eHHa^i pesoAbeenma Rx onepamopa Lmin e noAynAocnocmu 
Im A < sadaemcR (fjopMyAou Rxh = y, sde y — pemenue npaeeou sadauu euda 

Ky) = ^y + h, 
{K{X)-i)r[,]f + z{K{X) + i)r[2]f = o. 

Tym h{x) G L2 (JT", C) i K{X) — pesyAsipnasi e HUCHcneu noAynAOCKOcmu onepamopnasi (fiyuKyusi 
6 npocmpancmee manafi, umo ||K(A)|| < 1. 

2) B noAynAOCKOcmu Im A > Kaofcdasi o6o6m,eHHafi pesoAbeenma onepamopa Lmin sadaemcH 
(fiopuyAou Rxh = y, dde y — pemenue Kpaeeou sadauu euda 
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{K{\)-I)T[^f-t{K{\) + I)T^2]f = 0. 
Tym h{x) G L2 (JT", C) u K{X) — pezyAHpnasi e eepxneu noAynAOCKOcmu onepamopnaH cfiynn- 
v,UH e npocmpaHcmee maKafi, nmo ||i^r(A)|| < 1. 

9ma napaMempu3av,UH o6o6vu,eHHUx peaojibeeHm onepamopnuMU ^yHKV,UAMU K Ae/isiemcA 

6ueKmu6Hou. 

/foKaaame^bcmeo. B cHjiy Ochobhoh jieMMsi BcnoMoraxejibHoe cenapa6ejibHoc rHjib5epTo- 
BO npocTpancTBO C"* h onepaTop •yy = {T^y, I'i2]y}, OTo6pa>Kaioiri,HH Dom(Lmin) na C™ © C"^, 
yflOBjieTBopflioT ycjiOBHflM TeopeMbi 7. 

TaKHM o6pa30M, yTBepjKfleHne TeopeMbi 8 BbiTexaeT h3 TeopeMbi 7. 
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